Recently, an interest is developed in estimating genus of the zero-divisor graph of a ring. In this note we investigate genera of graphs of a class of zero-divisor rings (a ring in which every element is a zero divisor). We call a ring R to be right absorbing if for a; b in R, ab is not 0, then ab D a. We first show that right absorbing rings are generalized right Klein 4-rings of characteristic two and that these are non-commutative zero-divisor local rings. The zero-divisor graph of such a ring is proved to be precisely the union of a complete graph and a complete bipartite graph. Finally, we have estimated lower and upper bounds of the genus of such a ring.
Introduction
Up to isomorphism there are eleven rings of order four, in which nine are commutative and two non-commutative. The additive groups of these two non-commutative rings are Klein 4-groups, so, along with their multiplicative structures, they may be called as non-commutative Klein 4-rings. We denote them by V 4 and V op 4 ; as they are opposite to each other and we simply call them as Klein 4-rings. Comparatively useful and simple ways of expressing their elements are V 4 D f0; e 11 ; e 12 ; e 11 C e 12 g and V op 4 D f0; e 11 ; e 21 ; e 11 C e 21 g; where e 11 ; e 12 and e 21 are elementary matrices of the complete matrix ring M 2 OEZ 2 : V 4 and V op 4 are both without identity, they are neither reduced, as they admit nilpotents, nor reversible, as in case of V 4 ; e 12 e 11 D 0 but e 11 e 12 ¤ 0; nor symmetric, as e 11 e 12 .e 11 C e 12 / D 0 but .e 11 C e 12 /e 11 e 12 ¤ 0: We also observe that both are zero-divisor rings, meaning that all the elements of these rings are zero divisors. Moreover, in V 4 ; e 11 and e 11 C e 12 are right absorbing in the sense that e 11 x D e 11 and .e 11 C e 12 /x D e 11 C e 12 while e 12 x D 0; 8x 2 V 4 : We will name such class of rings as right absorbing rings. By the same token, left absorbing rings and absorbing rings are defined. So V op 4 is left absorbing. In the following we will study extensions of Klein-4 rings in the form of right or left absorbing rings which are local (Theorem 2.3, Corollary 2.4). The zero-divisor property of every element of these rings divert our interest to study zero-divisor graphs of these rings. Note that the zero-divisor-quivers (directed graphs) of both, V 4 and V op 4 ; are simple digraphs without multiple edges and these are Dynkin quivers of type A 3 in which arrows are in opposite directions. Such higher ordered rings have typically similar zero-divisor-quivers and graphs. In fact, in Theorem 3.3, *Corresponding Author: Syed Khalid Nauman: Department of Mathematics, King Abdulaziz University, Jeddah, KSA, E-mail: snauman@kau.edu.sa Basmah H. Shafee: Department of Mathematics, Umm al-Qura University, Makkah, KSA, E-mail: dr.basmah_1391@hotmail.com it will be proved that the graphs of these rings are precisely the union of a complete graph and a complete bipartite graph. This situation is not necessarily unique, as in Remark 3.2.3(a) it will be shown that there are at least three nonisomorphic zero-divisor rings each of order eight, which have isomorphic graphs that are the union of a complete graph and a complete bipartite graph. We will set some upper and lower limits of the genera of all right or left absorbing rings and will find genera of some low order rings (subsections 3. 4 & 3.5) .
The term ring is used here for an associative ring that may not possess the multiplicative identity. If the multiplicative identity (in short "1") is there we will specifically mention it. By the term zero-divisor we mean it is either left or a right zero-divisor. Let us call a ring R to be a zero-divisor ring in case where every element in it is a zero-divisor.
A zero-divisor graph for a commutative ring was introduced by Beck in [1] and for general rings by Redmond in [2] .
For any ring R; we denote by D.R/ the set of all left or right zero-divisors, including "0": If X is a subset of A and if 0 2 X; then we set X WD X nf0g: The zero-divisor digraph of the ring R is denoted by E .R/: It is a directed graph, in which, the vertex set V .R/ WD D.R/ and the set of directed edges is defined as An undirected graph on R is denoted by .R/ which has the same vertex set as that of E .R/ and the set of edges is defined as E.R/ WD ffa; bgja; b 2 V .R/; a ¤ b and either ab D 0 or ba D 0g:
In a zero-divisor graph .R/ which is depicted from the zero-divisor digraph E .R/; every arrow and double arrows between pair of vertices are replaced by a single edge, so that the graph remains simple.
For preliminaries and other details about the zero-divisor graphs and directed graphs of a ring we refer the work in [1] [2] [3] [4] [5] [6] . For symmetric, reversible, and other classes of rings that we have discussed in this note we refer to [7] [8] [9] [10] [11] [12] .
Absorbing rings
In this section we introduce and investigate some properties of right (left) absorbing rings: Definitions 2.1. An element a of a ring R is said to be a right absorbing element if for any 0 ¤ b 2 R; either ab D a or ab D 0: A ring R itself is right absorbing if every element of R is right absorbing. Left absorbing elements, left absorbing rings, absorbing elements and absorbing rings are defined analogously. Examples 2.2. 2.2.1. The zero element in any ring is always an absorbing element. The zero-ring f0g itself is an absorbing ring. The zero-product ring R 0 in which product of every pair of elements is zero is an absorbing ring. F 2 is an absorbing ring. Note that, F 2 is the only absorbing ring which is not a zero-divisor ring. All other absorbing rings (left, right, or two-sided) are zero-divisor rings. Let R be any ring. Define an operation ı on R by
8a; b 2 R: Then .R; ı; 0/ becomes a monoid. Clearly .R; C; ; 0/ as ring with characteristic 2 is right absorbing if and only if .R; ı; 0/ as a monoid is left absorbing.
2.2.2.
The Klein 4-ring V 4 (as described above) is left absorbing and it is not right absorbing. In symmetry, V op 4 is right absorbing and is not left absorbing. In general, the ring
is left absorbing and is not right absorbing, while
W e 1j 2 M n OEZ 2 E is right absorbing and is not left absorbing. We will prove these claims below.
2.2.3.
As defined by Lambek in [9] that a ring R is symmetric if for any set of three elements a 1 ; a 2 ; a 3 2 R; a 1 a 2 a 3 D 0; then for any permutation on the set f1; 2; 3g; a .1/ a .2/ a .3/ D 0: Let us recall that a ring R is right (left) symmetric if for any a; b; c 2 R; abc D 0; then acb D 0 .bac D 0/ [12] : Clearly, every symmetric ring is right and left symmetric, but converse may not be true. For instance, V 4 (as we have seen above) is left symmetric and is not right symmetric, so it is not symmetric. Same is for V op 4 which is right symmetric and is not symmetric. If a ring is both right and left symmetric, then it is symmetric. If 1 2 R; then every right or left symmetric ring is symmetric. One may verify easily that every right (left) absorbing ring is right (left) symmetric and only absorbing rings which are symmetric are F 2 and R 0 : 2.2.4. Now we pose an example which is left symmetric but neither symmetric nor left or right absorbing.
Let e 11 ; e 12 2 M 2 OEZ 3 and set R WD he 11 ; e 12 i D f0; e 11 ; e 12 ; 2e 11 ; 2e 12 ; e 11 C e 12 ; 2e 11 C e 12 ; e 11 C 2e 12 ; 2e 11 C 2e 12 g:
In this ring the product is zero whenever e 12 appears on the left of e 11 ; e 12 ; and e 11 C e 12 : In the case of triple products of the form xyz D 0; 8x; y; z 2 R; this is possible only in the cases if e 12 is placed either at the extreme left or in the middle of xyz. This means that: which concludes that the ring R is neither right absorbing nor left absorbing.
In the following we prove that:
Theorem 2.3. V 2 n is left absorbing and V op 2 n is right absorbing.
Proof. First we introduce a numeric type representation of elements of V 2 n ; which reduces some calculations and simplifies the addition and multiplication of its elements. We agreed at the beginning that it is convenient to express elements of V 2 n as a sum of elementary matrices in M n OEZ 2 : We further replace e 1j by .1j /; 8j 2 f1;
; ng: Then a generating set for V 2 n is T D f.1j / W 8j 2 f1; ; ngg:
We add these generating elements by the rule:
Hence, for all distinct i t , t 2 f1; ; rg;
.
Obviously, i t is disappears from the sum if it occurs even number of times, and appears only once if it occurs odd number of times.
Multiplication of two such generators can be defined by the rule:
Now, consider every element of V 2 n in the form . Proof: Consider the subring S generated by the subset T .11/ of T: Now, every product in S is zero, so S is a zero-product ring. A typical element of S is .1i 1 i r /; where i 1 ;
; i r 2 f2; ; ng and that of V 2 n is .1j 1 j s / with j 1 ; ; j s 2 f1; 2; ; ng; where every entry appears at most once only. Then by definition
Hence S is an ideal of V 2 n : Now, assume that J is any other ideal of V 2 n such that S J and S ¤ J . Then .11/ 2 J . Which shows that J D V 2 n : Let J be some other maximal ideal and does not contain S properly. Then there is some element x 2 J S. Thus x must be of the form x D .1j 1 j s / with one of j 1 ; ; j s is 1: Clearly, x.12/ D .12/ … J , and J will no more be an ideal. Hence S is the uniqe maximal ideal of V 2 n :
Finally, we prove the last part. Because jSj D 2 n 1 ; the factor ring V 2 n =S gets only two distinct cosets. These are S and .11/ C S and as OE.11/ C S OE.11/ C S D.11/ C S, which shows that V 2 n =S is not a zero-product ring. Hence we conclude that V 2 n =S ŠF 2 and S is the Jacobson radical of V 2 n : 3 Zero-divisor graphs and genera of some absorbing rings 3.1. By the term graph we mean here a simple connected finite graph. The well known Kuratowski Theorem states that a graph is non-planar if and only if it contains an isomorphic copy of the complete graph K 5 or the complete bipartite graph K 3;3 as a subgraph. It is also clear that any graph with n or less vertices is a subgraph of the complete graph K n : Let S k be a sphere with k handles in it. The genus of a graph G is k if G can be embedded in S k and cannot be embedded in S k 1 : We denote the genus of a graph by .G/ .or numerically by k/: Notice that S 0 ; S 1 ; are all oriented surfaces. A graph is planar if and only if it can be embedded in S 0 : K n ; with n D 1; 2; 3; 4; and K m;n ; with m D 1; 2; and n > 0 are planar graphs. While K n ; with n D 5; 6; 7; and K 3;n ; with n D 3; 4; 5; 6 and Thus if G is any graph with n or less vertices . 3/, an upper bound of genus of G is given by:
.G/ Ä .n 3/.n 4/ 12 :
On the other hand, the lower bound for the genus of G with n 3 vertices and e edges can be computed as:
.G/ e 6 n 2 2 :
Euler's formula for calculating the genus k of a graph G which is embedded in the sphere S k and cannot be embedded in S k 1 is given by
where n is the number of vertices, e is the number of edges, and f are the faces of G that can be drawn on S k : For the definitions and further explanation of all these terminologies we refer to [4, 5, 13, 14] . Let us define that, the genus of a ring is the genus of the zero-divisor graph of the ring. Thus for the ring V 2 n ; we will write .V 2 n / D .V 2 n /:
Examples 3.2. 3.2.1. We noticed in Section 2 that only absorbing rings are F 2 and the zero-product rings R 0 : .F 2 / is just an isolated vertex while .R 0 / is the complete graph K n ; where n D jR 0 nf0gj : In the digraph ! .R 0 /; arrows appear in both directions between every pair of vertices.
3.2.2.
The digraphs and graphs of left and right absorbing rings of order four are just Dynkin diagrams of the type A 3 . These are:
3.2.3. The digraphs and graphs of left and right absorbing rings of order eight: In E .V 2 3 /; there are two disjoint sets of vertices. Namely,
.112/; .113/; .1123/g and V 2 D f.12/; .13/; .123/g: V 2 form a complete digraph K 3 with three vertices and two-way arrows between each pair of vertices. If we only pick the vertices of V 2 (without arrows), then V 1 and V 2 constitute a complete bipartite graph K 3;4 with arrows in the direction Because the graph in Fig 2(b) is the union of K 3 and K 3;4 ; in which .K 3 / D 0 and .K 3;4 / D 1; and .K 7 / D 1; so by above lower and upper bounds inequalities, we get:
But K 3;4 is a subgraph of .V 2 3 /; so by Kuratowski Theorem we conclude that
Remark 3.2.3(a) Note that, the graph of the ring V 2 3 is isomorphic to the zero-divisor graph of the ring Z 8 OEx=˝2x; x 2˛a s given in [5] . Elements of this ring are:
E D f0; 1; 2; 3; 4; 5; 6; 7; X; 1 C X; 2 C X; 3 C X; 4 C X; 5 C X; 6 C X; 7 C X g where the coset X D x C˝2x; x 2˛: This is a commutative ring with 1. The set of non-zero zero-divisors is D D f2; 4; 6; X; 2 C X; 4 C X; 6 C X g which is the vertex set for .Z 8 OEx=˝2x; x 2˛/ :
Thus we have an example of a commutative ring with one and a non-commutative ring without one which have isomorphic zero-divisor graphs. More strictly, D is a subring of Z 8 OEx=˝2x; x 2˛o f eight elements and is a zerodivisor ring but still not isomorphic to V 2 3 or V op 2 3 : Thus we have at least three non-isomorphic zero-divisor rings which have isomorphic zero-divisor rings.
Remark 3.2.3(b)
It is easy to observe that V 2 3 and V op 2 3 are mnimal non-commutative rings which have genera one. But these are not the only rings with this property. The ring V 2 2 Z 2 is also a zero-divisor non-commutative ring (with componentwise addition and multiplication), which has genus equal to one, because K 3;3 is a subgraph of .V 2 2 Z 2 /: 3.2.4. The digraphs and graph of left and right absorbing rings of order sixteen:
In E .V 2 4 /; the two disjoint sets of vertices are, Fig. 3(a) and Fig. 3(b) , respectively. 1; so .S/ DK 2 n 1 1 : On the other hand the vertex set V 1 is internally free from zero-divisors, so no two vertices in V 1 are adjacent. But we see that every vertex in V 2 has a zero-product with all vertices in V 1 ; so that the two disjoint sets form a complete bipartite graph. Since jV 1 j D 2 n 1 ; the complete bipartite graph is K 2 n 1 1;2 n 1 : Because all vertices and edges of .V 2 n / are included in K 2 n 1 1 [ K 2 n 1 1;2 n 1 and moreover, if we remove any edge or a vertex and the adjacent edges from .V 2 n /, then the completeness of K 2 n 1 1 or K 2 n 1 1;2 n 1 or of both is affected. As clearly K 2 n 1 1;2 n 1 and K 2 n 1 1 are subgraphs of .V 2 n /; we conclude that .V 2 n / is precisely the union of K 2 n 1 1 and K 2 n 1 1;2 n 1 : It is to be noted that 8n 2;
.K 2 n 1 1;2 n 1 / Ä L .V 2 n /:
Because K 2 n 1 1;2 n 1 is a subgraph of .V 2 n /; we fix a pair of lower and upper bounds of the genus of the ring 
